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We consider a class of warped higher dimensional brane models with topology M×  × S1/Z2,
where  is a D2 dimensional manifold. Two branes of codimension one are embedded in such a bulk
space-time and sit at the orbifold xed points. We concentrate on the case where an exponential
warp factor (depending on the distance along the orbifold) accompanies the Minkowski M and the
internal space  line elements. We evaluate the moduli eective potential induced by bulk scalar
elds in these models, and we show that generically this can stabilize the size of the extra dimensions.
As an application, we consider a scenario where supersymmetry is broken not far below the cuto
scale, and the hierarchy between the electroweak and the eective Planck scales is generated by a
combination of redshift and large volume eects. The latter is ecient due to the shrinking of  at
the negative tension brane, where matter is placed. In this case, we nd that the eective potential
can stabilize the size of the extra dimensions (and the hierarchy) without ne tuning, provided that
the internal space  is flat.




It is a widely accepted idea that our space-time might have more than four dimensions. This very old proposal
[?,?], revived in [?], is currently being considered in several contexts from particle physics to cosmology.
From a more fundamental perspective, string theory provides a strong motivation for considering higher dimen-
sional scenarios. In a suggestive model [?,?], Horava and Witten considered an 11−dimensional supergravity theory
compactied on M CY  S1=Z2, where M represents four dimensional Minkowski space and CY is a Calabi-Yau
space, with the size of the Calabi-Yau much smaller than the orbifold one. In such a set-up, the xed points of the
Z2 symmetry can be viewed as 10−dimensional boundaries which may accommodate a realistic gauge theory.
A closely related model has been considered by Randall and Sundrum [?], where two flat 3−branes of opposite
tension are embedded in 5−dimensional Anti-de Sitter space. The extra dimension is compactied on a Z2 orbifold,
with the branes sitting at the xed points. This results in a space-time with a non-factorisable geometry which,
through a redshift eect, induces a four-dimensional eective scale on one of the branes which is much smaller than
the 5− dimensional cuto scale (which is assumed to be Planckian). This geometric eect could explain the hierarchy
between the Planck and the electroweak scales. The "radion" mode (which corresponds to the size of the extra
dimension) plays a crucial role in this scenario, since its vacuum expectation value (VEV) determines the hierarchy.
In the original RS model, the radion was massless at the classical level. This would cause an unacceptable modication
of the resulting gravity on the brane [?], and therefore the radion must be stabilized by some mechanism [?]. Moreover,
for a satisfactory solution to the hierarchy problem, such mechanism should give the radion a suitably large VEV
without the need of introducing any ne tuning of parameters.
The problem of radion stabilization is not particular to the RS model, and arises generically in higher dimensional






homogeneous manifolds. In that context, Candelas and Weinberg realized that the Casimir energy of matter elds
or gravity could induce an eective potential for the radion at the quantum level, oering a natural mechanism for
stabilizing the size of the extra dimensions [?]. Following this idea, a number of authors have investigated quantum
stabilization in the context of brane models. In [?,?,?,?,?,?,?] the lowest order quantum corrections arising from bulk
elds on the RS background have been calculated and their relevance to the radius stabilization problem has been
investigated (see also [?,?,?,?,?,?] for discussions of the possible relevance of quantum eects in cosmological brane-
world scenarios and [?] for nite temperature eects). Initially, such investigations were somewhat discouraging,
since it was found [?] that in the RS model it is not possible to stabilize the extra dimension and simultaneously
solve the hierarchy problem by means of the Casimir forces due to bulk gravitons or generic bulk scalars. However, it
has recently been shown [?] that bulk gauge elds (or any of their supersymmetric relatives) can do the job. These
elds induce logarithmic contributions to the radion eective potential which are sucient to stabilize it, generating
a large hierarchy of scales without ne-tuning. The logarithmic behaviour can be understood, in a 4D holographic
description, as the running of gauge couplings with the infrared cut-o scale (which corresponds to the electroweak
scale).
The RS model has opened up a very interesting framework for model building in particle physics, with possible
cosmological implications. This scenario, however, is just the simplest possibility within a more general class of higher
dimensional warped geometries which deserve fuller exploration, specially with regard to their possible embedding
in string theory. In this connection, one expects that more general internal spaces and higher dimensionalities have
to be considered, and in this paper we shall take a step in this direction. Our aim is twofold. On one hand, the
consideration of more general spacetimes may provide interesting extensions of the RS mechanism for the geometric
origin of the hierarchy. On the other, quantum eects in such scenarios can be qualitatively dierent, providing new
ways of stabilizing the radion which do not necessarily rely on the peculiar behaviour of bulk gauge elds.
Generically, we expect that the behaviour of the eective potential for the "moduli" should be qualitatively dierent
once we go beyond the RS scenario. This is indicated (even in ve dimensions) by the study of generalized warped
compactications [?]. Aside from the non-local Casimir interaction between the branes which we mentioned above,
local terms which are induced by quantum eects may stabilize the moduli when we consider warped brane worlds
where the bulk is dierent from AdS. In the RS model both the branes and the bulk space-time are maximally
symmetric and thus any possible counter-term amounts to a renormalization of the brane tensions. However, this
is not true in general. An explicit example was worked out in detail in [?], where a class of 5−dimensional brane
models with power law warp factors were investigated. In this case, the global symmetry which is responsible for
the masslessness of the moduli at the classical level is shown to be anomalous. Thus, the eective potential develops
terms which do not scale appropriately under the global symmetry and which therefore act as stabilizers for the
moduli. Some of the 5 dimensional models considered in Ref. [?] can be obtained by dimensional reduction of
5 +D2-dimensional models, and in this paper we shall focus on a class of higher dimensional models which includes
those.
Specically, we shall consider spaces with line element given by
ds2(D+1) = e
2(y)dx
dx +R2e2(y)γijdX idXj + dy2: (1)
The coordinates x parametrize four dimensional Minkowski spaceM and the coordinatesX i cover a D2−dimensional
compact internal manifold . We locate two D  (4 +D2)−dimensional branes at the xed points of the orbifolded
dimension labelled by y. Such a metric is found as a solution of a (D + 1)−dimensional system of gravity plus
certain ’matter’ elds. Depending on the eld content, dierent warpings can arise. For instance, Gregory showed
in [?] that a six dimensional global string solution exists for negative cosmological constant, with (y) = −kjyj
and (y) = constant. Gherghetta and Shaposhnikov [?] constructed the metric solution of a six dimensional local
string-like defect with (y) = (y) = −kjyj. Generalizations of this models with more extra dimensions with  = SD2
were considered in in [?,?] using bulk scalar elds with a hedgehog conguration.
The authors of [?] include Yang-Mills (YM) elds with appropriately chosen gauge group, instead. They nd a
series of solutions classied in terms of the Ricci flatness of the manifold : when the internal space is Ricci flat (for
example a D2−dimensional torus or a Calabi-Yau space), one obtains warp factors which can generically be expressed
as sums of exponentials if there is no YM flux; in particular, when the bulk cosmological constant is negative, a
specially simple solution with both warp factors equal to the RS one exists (including the case of higher dimensional
AdS space). Turning on some YM flux can relax the condition of the Ricci flatness of the internal manifold. In this
case, they nd a solution where along the Minkowski direction the warp is a` la RS, whereas along the curved manifold
it is constant. This gives the interesting combination of a higher dimensional theory which is a hybrid between an
ordinary Kaluza-Klein theory and the RS model. In passing, we note that the phenomenology of such a scenario has
been recently considered in [?,?].
In the present paper we start considering quantum eects from bulk elds quantized on such space-times beginning
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with the case when the two warp factors are of the RS type. The computation is similar in some respect to the RS
one with some additional technical complications. Moreover we allow a more general setting than the one presented
in [?] in that we consider solutions with internal manifolds  which are not Ricci flat. In section II we describe how
to construct these types of models (for the case of Ricci flat internal manifolds we refer the reader to reference [?])
and subsequently discuss the moduli approximation in this type of space-times.
The Kaluza-Klein reduction of the bulk eld is considered in section III, where it is shown that, when branes have a
non trivial topology, the physical mass depends also on the eigenvalues of the Klein-Gordon operator on the internal
manifold. The one-loop eective action is evaluated in section ?? and the result is simply expressed in terms of
heat-kernel coecients. This is done using the Mittag-Leer expansion of the generalized  function. The result is
regulated by using dimensional regularization and appropriately renormalized in section ??.
In section ??, we propose a scenario where supersymmetry is broken just below the cuto scale and the hierarchy
is generated by a combination of redshift and large volume eects. The possibility of stabilizing the moduli (and the
hierarchy) with the quantum eective potential is discussed in section ?? for the dierent cases of interest and it is
shown that such a stabilization can in fact take place without ne tuning. The conclusions are left to the last section.
The paper is equipped with an appendix in which we obtain the Mittag-Leer expansion for a positive semidenite
operator (This last result does not claim any originality and can possibly be found elsewhere). Appendix ?? contains
the details of the dimensional reduction of the gravitational part of the action.
II. SETUP
We are interested in the quantum eective action arising from a quantized bulk scalar eld on the background
space-time specied by the metric (1). We consider two branes of codimension one with the topology of M4  ,
where the manifold  is taken to be Einstein and compact. The branes sit at the orbifold xed points and the Z2
symmetry is imposed on the solutions.
As we have already mentioned in the introduction, such solutions have been obtained in [?] for Ricci flat internal
manifolds. However, as also shown in [?,?], more general solutions with  = SD2 can be found by introducing
additional matter content coming from a scalar eld with a hedgehog conguration. In the next Section, we show
how to obtain such a solution.
A. Model
The specic space-time that we consider in this paper corresponds to the case when the two warp factors are equal
and exponential, (y) = (y) = −kjyj. The model consists of an G invariant non-linear sigma model parametrized by



















Our notation the following. The higher dimensional bulk indices are M;N; : : : and run over ; i; y; the (4 +D2)  D
dimensional brane indices are A;B; : : : and run over ; i; g(D+1)MN is the bulk metric and g
(D)
AB are the induced metrics
on the branes. Finally,  are the brane tensions, and M is the higher dimensional fundamental Planck mass.
Let us look more closely at the structure of the scalar elds. The equation of motion for the scalars can be written
as usual:
2a = −a: (3)
The role of non-dynamical auxiliary eld  is to impose the constraint
aya − v2 = 0:
Dierentiating this constraint twice, we can rewrite Eq. (3) as follows:
2a = − (@Mb@Mbyv2a: (4)
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The previous equation allows hedgehog solutions for a for suitable choices of the group G. Moreover, they have a
constant prole along the orbifold and satisfy
γa = −L2a; and @May@Ma = e−2L2v2R2 (5)
where L is a ’winding number’, and γ is the laplacian obtained from γij .
The Einstein equations for such hedgehog congurations have been studied in [?,?,?], where solutions of the type
(1) with (y) = (y) = −ky have been found, with
k =
q
−4M1−D=(D − 1)D; (6)
where  < 0. In order to obtain the space-time described previously we take two copies of a slice of this D + 1
dimensional space comprised between y+ and y−, corresponding to the brane locations. The two copies are glued
together there. Along with the the identication y − y ! 2y − y, this gives the topology of an S1=Z2 orbifold in
the y direction.
In order for this to be a solution of our model (2), the brane tensions have to satisfy
 = 4
q
−(D − 1)MD−1=D = 4(D − 1)MD−1k; (7)
as a result of the junction conditions at the branes. Besides (6), the Einstein equations in the bulk relate the hedgehog
parameters to the curvature of the internal manifold  as
v2 = 2D2CL2MD−1: (8)
Here, since  is homogeneous, the dimensionless constant C is dened through R(γ)ij = Cγij , and R(γ)ij is the Ricci
tensor computed out of γij .
Associated to the sigma model scalars a number of Nambu Goldstone modes will be present. However, we shall
assume that these couple to matter only through gravity, so that their eects are negligible.
B. Moduli
One interesting feature of this ansatz is that the parameter R, describing the volume of , does not appear in the
equations of motion even in the case of a curved internal space. Moreover, the positions of both branes are free at
the classical level. They correspond to flat directions in the action and thus are the relevant degrees of freedom at
low energies. In the moduli approximation, which we shall follow here, they are promoted to four dimensional scalar
elds.
One crucial dierence of these solutions with respect to the RS model is that they are not homogeneous along the
orbifold, even in the case when  is a torus 1. This is due to the compactness of . In contrast with the RS model,
the positions of both branes are physically meaningful.
However, it is clear that a scaling of R is equivalent to a shift in the positions of the branes y. Therefore, they
are not independent. Rather, only two moduli are needed. Since we will use several combinations of the moduli
along the paper, we summarize them briefly now: a  e−ky , the physical radii of  at the branes R = aR, the
corresponding dimensionless values r = akR, and a  e−k(y−−y+ ) = a−=a+.
In addition to the moduli, the massless sector also contains the graviton zero mode. To take it into account, we
perturb the background solution (1) as follows





Substituting this metric back into the action (2) we obtain the kinetic term for ~g coming from the bulk part (see [?]).








 ~R− 4D − 1D − 2 h(~@’+)2 − (~@’−)2io ; (10)
1In this case, the solution corresponds to a toroidal compactication of a higher dimensional AdS space.
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where ’2 = a
D−2
 = e
−(D−2)ky , and the eective four dimensional Planck mass is given by





We note that the moduli ’ are Brans-Dicke (BD) elds and in the frame dened by ~g , the kinetic term for ’+
has the wrong sign. Introducing the new variables ’ and  [?,?],
’+ = ’ cosh and ’− = ’ sinh ;







R^+ 2D2D2 + 2(@^ ln’)2 + 4D2 + 3D2 + 2(@^ )2
o
; (12)
and now the kinetic terms are both positive denite. Moreover, we note that the modulus ’ decouples in the limit
D2 ! 0, as expected, since this case corresponds to the usual RS model, where only one modulus is present.
We are assuming that the (D dimensional) matter elds (D) are localized on each brane and so they couple


















p−g aD2 L (; g : (13)
Here, we have kept the −zero modes only, and integrated out the X dependence, the  volume factor has been
absorbed by the four dimensional matter elds  and couplings, and the four dimensional induced metrics are the
(; ) components of the D dimensional ones g = g
(D)
 .























where T^ and L^ are dened according to p−g T =
p−g^ T^, and p−gaD2 L =
p−g^ L^. The coupling of
the moduli to the Lagrangian is entirely due to the dimensions along  being warped, and is a generic prediction of
models with a nontrivial warp factor for the extra dimensions. In fact, the ’radion’ modulus Ψ is coupled to matter
through (T^ +D2L^), which coincides with the trace of the D dimensional energy momentum tensor. Moreover, this
shows that the the modulus ’ decouples from matter in the RS limit D2 ! 0, as it should.
Dening the canonical elds
 = 2
p
D2D2 + 2mP  ln’; and Ψ = 2
p
2D2 + 3D2 + 2mP  ;




















As we explain in Sec. ??, we are interested in the case of a  1 in order to have a substantial redshift eect arising
from the warp factors. Unless otherwise stated, we shall set ha+i = 1, so that, with a good accuracy, a− ’ a,
’ ’ ’+ ’ 1 and  ’ ’−  1.
Thus, from (15) we can read o the couplings to the two types of matter:2  couples to the matter at either brane
, with a strength  1=mP . As for Ψ, the coupling to − is quite large, of order a−(D2+2)=2=mP , and to + is even
smaller than Planckian,  a(D2+2)=2=mP .
2In the rest of this article, we will consider only matter located on the negative tension brane. Here we just consider other
possible forms of matter at y = y+ for the sake of generality.
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III. KALUZA-KLEIN REDUCTION
Before the evaluation of the one-loop eective action, which we do in Section ??, we turn now to the reduction in
KK modes of a bulk scalar eld living in the space-time described in the previous section.
The idea is very simple: by performing a Kaluza-Klein reduction of the higher dimensional scalar eld theory from
D+1 (with D = D1 +D2) down to D1 dimensions, we obtain an equivalent lower dimensional theory consisting of an
innite number of massive Kaluza-Klein modes. Specically, the Kaluza-Klein reduction is performed by expanding
the higher dimensional scalar eld in terms of a complete and orthogonal set of modes and then integrating out the
dependence on the extra dimensions. The masses turn out to be quantized according to some eigenvalue problem and
depend on the details of the space-time, the nature of the internal manifold and on the bulk (higher dimensional)
scalar eld. The one-loop eective action can then be evaluated by re-summing the contribution of each one of the
modes.
Typically in Kaluza-Klein theory the mass eigenvalues are found explicitly and the subsequent evaluation of the
sum over the modes does not present particular diculties. However, in the case of warped space-times the main
dierence is that the orbifold nature of the extra dimension complicates the mass eigenvalues, which are expressed in
terms of a transcendental equation and thus cannot be found explicitly.
In the present section we will carry out the rst step of the computation, namely the Kaluza-Klein reduction of the
bulk scalar eld. We will consider the most general case of a massive non-minimally coupled scalar eld and assume
that , a compact manifold.
The bulk scalar eld (X;x; y) obeys the following equation of motion:−2(D+1) +m2 + R(D+1) = 0 ; (16)
where R(D+1) is the higher dimensional curvature and 2(D+1) is the D’Alembertian, both computed from the metric
(1).
Using the explicit expression for the metric tensor, we can disentangle, in equation (16), the dependence on the
internal manifold from the Minkowskian one. A straightforward calculation gives:h
−e−22 − e−21R2(γ) − e−@ye@y +
+m2 + e−21R2R(γ) − F (y)
i
 = 0 ; (17)
where (γ) is the laplacian related to γij , 2 is the D1 dimensional flat D’Alembertian, and
F (y) = 2 00(y) +  0(y)2 +D10(y)2 +D20(y)2 ;
(y) = D1(y) +D2(y) : (18)
We now expand the eld (x;X; y) in terms of a complete set of modes carrying a momentum along the orbifold and
 directions labelled by indexes n and l respectively,
Here; themodes





Here, the modes Ψl(X) are a complete set of solutions of the Klein-Gordon equation on the manifold :
witheigenvalues
2l and degeneracy
3 gl. If we now require l;n(x) to satisfy the Klein-Gordon equation on the Minkowskian factor of
the space-time M with masses m2l;n,
3Although we assume PΣ to be either positive semidenite or positive denite, the label l = 0 always refers to the zero
eigenvalue, i.e., λ0 = 0, the existence of this eigenvalue being set by g0 being 0 or 1.
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